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ABSTRACT: Random walks that  are not allowed to intersect themselves were generated on the simple cubic and 
face-centered cubic lattices and used as a model of a linear polymer chain in dilute solution with excluded vol- 
ume and attractive energies between the chain elements. The mean-square end-to-end distances and mean- 
squared radii of gyration and their moments were computed for chain lengths up to 2000 segments and for a wide 
range of attractive energies. The partition functions of the chains were also computed. The attractive energy re- 
quired for a given property of the chain to be the same as the given property of a random coil, the 8 point, was 
investigated. The required attractive energy depended slightly on the particular property chosen for comparison, 
so rather than a unique 8 point, a narrow range of 8 points was found. 

The only analytically soluble model of a polymer in so- 
lution which takes the connectivity of the polymer into 
account is the random walk model. This view of a polymer 
in solution disregards both attractive and repulsive inter- 
action between unbonded polymer segments and between 
the polymer and the solvent. In fact, in this model many 
polymer segments are allowed to occupy the same spatial 
point. Because analytical theories of polymer configura- 
tions cannot account for even the fact that only one poly- 
mer segment may occupy a given point (the so-called ex- 
cluded volume effect) in an exact manner, numerous 
studies of polymer configurations simulated by Monte 
Carlo calculations on non-self-intersecting random 

have been performed. Most of these calculations 
have considered the volume exclusion problem alone and 
have not included in the calculations attractive energies be- 
tween segments. Furthermore, most of these calculations 
have investigated (RZ), the mean-square end-to-end dis- 
tance, although the squared radius of gyration (S2), is 
more closely related to such interesting polymer proper- 
ties as diffusion, viscosity, and light scattering.7 

In this paper we shall present Monte Carlo calculations 
of configurations using a modification of the technique of 
Rosenbluth and Rosenbluth6 to generate non-self-inter- 
secting chains on a lattice. The values of (R2) and (S2) 
were computed for a wide range of attractive energies, t ,  

between the nonbonded segments of the chains separated 
by the lattice spacing and for chain lengths up to 2000 
segments. (To our knowledge this is the first time (S2) has 
been computed as a function of c . )  The distribution of 
(R2) and (S2j was investigated by calculations of higher 
moments of distributions in R and S. Finally, the parti- 
tion function per segment of the chains was obtained. 
These calculations were performed for chains on the sim- 
ple cubic and face-centered cubic lattices. 

For non-self-reversing chains without excluded volume 
( a  random-coil model of a polymer), it has been shown8 
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previously that for chains of a large number N of seg- 
ments on a simple cubic lattice 

( R 2 )  = 3 N / 2  (1) 
(S2) = N14 (2) 

and on the face-centered cubic lattice 

(R2) = 6N 15 (3) 
(S9 = N l 5  (4)  

For chains with excluded volume and with zero or small 
attractive energy between unbonded segments, previous 
workersl-6 have found that their ( R 2 )  data for large chain 
lengths obeyed 

(R2) = A N Y K  ( 5 )  

In eq 5 ,  A and y~ depend on 9 = - t / k B T ,  where t is the 
attractive energy between unbonded segments separated 
by one lattice distance, k H  is Boltzmann constant, and T 
is the temperature. The attractive energy for segments 
more than one lattice distance apart is assumed to be 
zero. In this paper we have verified eq 5 .  Moreover, we 
found that 

(SZ) = BNY‘ 
where B and ys also depend on @. Furthermore, we find 
that for any given @ 

( 7 )  Y R  = 7s = Y 
For chains with excluded volume but no attractive 

energies (9 = 0), y is found to be 1.2 in this and previous 
investigations’-6 for all the lattices investigated. For in- 
creasing attractive energy between segments, y decreases 
smoothly until for a certain value of @, 9 = aC, y be- 
comes l, the value for chains without excluded volume. In 
deference to common usage in the literature,s we will call 
this condition the “0  point.” The simplistic view of the 0 
point is that  point of temperature and attractive energy 
between segments, @ = aC, a t  which the attractive energy 
compensates for the excluded volume in a way such that 
the configurational properties of long chains are the same 
as for those without excluded volume. From this view, the 
values of y, A, and B, the distribution of R2 and S2, and 
the partition function of the chains should have the same 
values a t  the 8 point as the free-coil model. This view will 
be tested in this paper. 

Although this and most similar Monte Carlo investiga- 
tions consider chains on a lattice for ease of computation, 
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one desires to obtain information concerning real polymer 
molecules that are not restricted to a lattice model. 
Therefore, in this paper we look for parameters or trends 
that are obtained for both choices of lattices we have used 
in the expectation that such trends will also apply to real 
polymer molecules. An example of such a lattice-indepen- 
dent parameter is the aforementioned y for chains with 
excluded volume but without attractive energies, which 
has been found to have the same value (1.2) for all lattices 
investigated so far. 

The next section gives the details of computations. The 
remaining sections give the results and their discussion. 

Description of Computations. Polymer molecules were 
simulated on a computer by non-self-intersecting walks on 
a simple cubic and a face-centered cubic lattice following 
the method of Rosenbluth and Rosenbluth (R&R).6 The 
method of R&R has been found to be especially efficient 
near the 8 point (+  = ac). 

The general scheme for the program we used has been 
previously described in detail;5 to provide the language 
and foundations to describe some latter modifications in 
our approach, we shall sketch here the fundamental pro- 
gram. The first step of the walk is placed near the center 
of the lattice; before each further step of the waIk, each 
possible direction for the step is examined for intersection 
with previous steps. A list of all directions which do not 
cause intersections is made (called allowed vectors). A 
random choice of the allowed vectors is made and a step 
is taken in the chosen direction. After a walk of the de- 
sired length is generated, parameters of the walk of physi- 
cal interest, such as number of nearest-neighbor contacts, 
end-to-end distance, and radius of gyration, are recorded. 
We devised an efficient method, given in Appendix A, for 
calculating the radius of gyration. 

Because the above scheme does not generate all non- 
self-intersecting walks with equal probabilities, we must 
separately weight each walk when calculating averages of 
the parameters over many walks.6 Since we shall further 
modify the above described method of generating non- 
self-intersecting walks, we shall then need to modify the 
weights; therefore we now review the method of comput- 
ing weights for the R&R method. 

Let u be the maximum number of choices for a step of 
the walk without immediate reversals; thus u = 5 for the 
simple cubic lattice and u = 11 for the face-centered lat- 
tice. When two positions of the walk not connected by a 
single step lie a distance equal to the lattice spacing from 
each other, they are said to form a contact. Let the ( i  - 
1)th step of a walk form C, contacts. Then the ith step 
can be in u - C, different directions without the walk in- 
tersecting itself. In the R&R method of generating the 
walks, a random choice for the ith step is made of these 
possible directions; each choice has the a priori probabili- 
ty 1 / (u  - CJ. The first step may be taken in u + 1 direc- 
tions. Thus the probability of generating a particular walk 
is 

the weight of the walk is the reciprocal of the probability 
and so is given by 

\ 
(a+1) n (a-C,)  

,=? 

For a sample of m walks, the weight of the kth walk is 
then 

N 

! =? 
w h = ( a + 1 )  11 (a-cifi) (8) 

where C i k  is the number of contacts formed by the ( i  - 
1)th step of the kth walk. The estimate of the partition 
function of a single chain is 

(9) 

where 

Pi. = 2 C , h  (10) 
I = ,  

is the total number of contacts in the kth walk. The esti- 
mate of the average value of any calculated property u of 
the walks is6 

2 i ' ku . 'b  exp(Pr@) 

C wb exp(Pi@) 
(11) i.=1 

( L )  = 

/ = I  

where u k  is the value of the parameter for the kth walk. 
The weights will have extremely large values for long 
walks of hundreds of steps. Because the average value of a 
parameter given by eq 11 is seen to be unchanged if all 
weights are changed by a constant factor, for computa- 
tional convenience we redefine w k  as 

\ 

u ) k  = n ( u - c z b ) / a  (12) 

The estimate given by eq 11 has been showng to be bi- 
ased for finite sample size, i e., replicate calculations of 
( u )  for a given sample size m will scatter around a mean 
value different than the true value of (u).  However, the 
estimate has been shown to be asymptotically unbiased, 
i .e. ,  the bias goes to zero as the sample size rn goes to in- 
finity. A method of estimating the bias from the covar- 
iance of the estimate and the partition function is devel- 
oped in Appendix B. By this method, the bias for all 
quantities calculated in this paper has been shown to be 
smaller than their standard deviation; therefore, this bias 
is neglected. 

In order to evaluate the precision of the estimates, the 
walks were generated in groups, and the partition function 
and estimates of each group were calculated by eq 9-12. 
To compute the best value of ( u ) ,  the value ( u ) ,  of the zth 
group must be weighted by the partition function of that  
group f,, thus 

,=? 

2 f l  ( u ) ,  

k fi (13) 
! = I  

( L )  = 

, = I  

where L is the number of groups. 
If all values of f ,  were equal, ( u )  would be a simple aver- 

age of ( u ) ,  and the standard deviation, s, of ( u ) ,  of a group 
would be 

L 
s? = C((u), - ( u ) ) i / ( L - l )  (14) 

and the standard deviation of the average of u over the 
groups would be given by 

! = I  

5 2  ( L )  2 ((d) - ( u ) ) ' / L ( L  -1) (15) 
1 - 1  

For our data, a sufficiently large number of walks were 
generated for each group that the values of f, were ap- 
proximately the same for all groups. Therefore eq 15 gives 
a good approximation of the standard deviation of ( u ) .  

(9) F L. McCrakin. J Res Nat Bur S tand ,  Sect B ,  76, 193 (1972) 
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In the usual formula for the standard deviation of a 
weighted average, the weights are a measure of the accu- 
racy of the individual values, so the squared differences, 
( ( u ) ,  - C U ) ) ~ ,  are weighted. However, our weights, f,, are 
not a measure of the accuracy of the individual values, 
but are required to compensate for the fact that  all chains 
are not computed with equal probability. Therefore, the 
usual formula will not apply to our case and eq 15 must 
be used. 

A more convenient measure of precision is the coeffi- 
cient of variation given by 

coef var of (u) = IOOS,,, / ( u )  (16) 

which expresses the standard deviation as a percentage of 
( u ) .  The coefficient of variation was computed for all cal- 
culated parameters of the walks, and only those values for 
which the coefficient of variation is less than 5% are re- 
ported in this paper. However, the coefficient of variation 
is much less than 5% for most of the reported data. 

We have also used the coefficient of variation as a mea- 
sure of the efficiency of the Monte Carlo calculation at a 
particular energy. We have found for a given method of 
generating the chains that the coefficient of variation is 
strongly dependent on %, i .e . ,  on temperature and the at- 
tractive energy between segments. 

The dependence of the precision of (Sz) on the attrac- 
tive energy, %, is illustrated in Figure 1. Here the mean- 
square radii of gyration of 500 walks on the simple cubic 
lattice of 100 steps each and for values of @ from 0 to 1 
were computed using the method of R&R. The calculation 
was repeated 19 times so that 20 values, each based on 
500 walks, of the mean-square radius of gyration were ob- 
tained for each value of %. The coefficients of variation 
calculated from these mean values by eq 15 and 16 are 
shown in Figure 1 us %. They are seen to have a mini- 
mum near the 0 point, aC, and to be very large for large 
values of @. This suggests that the R&R method works 
best near % = In fact we have found that in the vicini- 
ty of @,-, using the R&R method we have been able to ex- 
tend our data to very long chain lengths with high preci- 
sion. (In Appendix C we suggest why this might be true.) 

The substantial increase in the coefficient of variation 
for high energies is thought to be due to the terms 
exp(Pk@) in eq 11. This term is large for large P k ,  i .e . ,  for 
tightly coiled walks with many contacts. If % is large, the 
few terms in the summand which correspond to large Pk 
are orders of magnitude larger than the rest of the terms, 
so only the walks corresponding to these terms contribute 
to the calculation of the mean value of the parameter. 
Thus, although 10,000 walks were originally generated and 
used for the calculation, the estimated values actually de- 
pended on only relatively few walks and are therefore very 
imprecise for high %. The variation of the precision with 
% is further discussed in Appendix C. 

In order to determine the values of parameters for walks 
with large attractive energies (large values of a), the orig- 
inal method of generating the walks was changed so that 
more important walks, L.e,  walks containing many con- 
tacts, were generated. The methods developed for this 
purpose are examples of Importance Sampling. The prop- 
er weights, wk, will no longer be given by eq 12 but will 
depend on the rules used for generating the chains and are 
easily computed.9 

Importance sampling was first applied to random walks 
on a lattice by Wall, Windwer, and Gans.l They chose the 
left, right. and trans steps on a tetrahedral lattice with 
different probabilities so that when dealing with attrac- 
tive energies the generated walks would be more coiled 
and would contain more contacts than walks generated 

I I , 1 I 

86 1 

2 

Figure 1. Coefficient of variation of the mean-squared radius of 
gyration, (SZ), us. for chains of 100 segments on the simple 
cubic lattice using method of R&R. Notice the minimum near @ 
= 0.25. The solid curve is schematic. 

without importance sampling. However, they did not re- 
port whether more precise estimates of the parameters of 
the walks for large % were obtained by this procedure. 

We investigated two methods of importance sampling of 
random walks. In method A, steps taken toward the coor- 
dinate of the first site of the walk were chosen with a 
probability different from the probability for steps taken 
away from the first site. For example, consider a walk on 
a cubic lattice started a t  the lattice site (0,0,0) which 
after a number of steps reaches the lattice site (3, -5, -4). 
Furthermore, let the next steps of the walk that are al- 
lowed by volume exclusion be Ax = l, Ax = -1, Ay = l, 
A z  = 1, and Az = -1. Without importance sampling, 
each of these steps would have the probability of Y5 of 
being chosen. However, if steps taken toward the coordi- 
nate (O,O,O) are given twice the probability of those taken 
away from (O,O,O),  the above steps will have probabilities 
of YS, 74, 74, Y4, and Ys, respectively. 

Method A as described above was found to give precise 
estimates of both (S2) and (RZ) when @ is around 1.0 for 
the simple cubic lattice, because for this value of @ only 
tightly coiled configurations are important; however for @ 
from 0.3 to 0.7 imprecise estimates are obtained, because 
in this range of % the important configurations are only 
slightly coiled configurations. Thus we looked for a meth- 
od of sampling which gives accurate results in the region 

In method B of importance sampling, the probability of 
an allowable step of a walk being chosen depends on the 
number of contacts that would be produced by the step 
rather than on the direction of the step. Before a step is 
taken, all allowable steps are tested to determine the 
number of contacts that  they would produce. A step that 
would produce one contact was taken with twice the prob- 
ability of a step that would produce no contacts; a step 
that would produce two contacts was taken with three 

= 0.3-0.7. 
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[II @=-m 

0 @=O. 15 
l o 3  i A @=0.3 

/ 

Figure 2. (S2) us. chain length N for chains on the simple cubic 
lattice for @ = -a (double-excluded volume), @ = 0.15 and @ = 
0.30. 

times the probability of a step that would produce no con- 
tacts, etc. Since this procedure produced walks with too 
many contacts, it was modified to 4-3 weighting. A step 
that would produce one contact was taken with 413 the 
probability of a step that would produce no contact; a 
step that would produce two contacts was taken with 513 
the probability of a step that would produce no contact; 
etc. 

Obviously method B can be generalized to use different 
probabilities for each of the possible steps. The form dis- 
cussed above was found to be particularly effective for 9 
= 0.4 and 0.5 in the simple cubic lattice. Method B re- 
quires that  all allowable steps be tested for contacts be- 
fore each step is taken, therefore, more calculations are 
required for it than for method A. 

Results 
Mean-Square Values of R2 and S2. Figures 2 and 3 

show the mean squared radius of gyration (S2) and Figures 
4 and 5 show the mean squared end-to-end distances, 
(RZ), us. the number of segments in the chains on a simple 
cubic lattice on double logarithmic scales. Values of the 
interaction parameter in these figures range from 9 = - m  

(infinite repulsive energy) to @ = m (infinite attractive 
energy). Figures 6 and 7 show similar data on the face- 
centered cubic lattice. Only data with a coefficient of 
variation of less than 5% are presented in these figures 
and are used in the following discussions and fitting pro- 
cedures. 

For the case of infinite repulsive energy between seg- 
ments ( @  = - m ) ,  only chains without nearest-neighbor 
contacts are allowed, i .e. ,  chains with no segments oc- 
cupying either a previously occupied lattice site or a site 
within a lattice distance of a previously occupied site. 
Such double-excluded volume chains were generated on 
the simple cubic lattice; their values of (S2) and ( R 2 )  are 
shown in Figures 2 and 4. 

103 
0 @=O 
Q @=0.275 
+ @=0.5 
x @ = I  
Q @=m 

1 

I I I I I , , I  I I I I I I I I 

100 1 0 3  
N 

Figure 3. (S2) us. N for chains on the simple cubic lattice for @ = 
0,  @ = 0.275, @ = 0.4, @ = 0.5, @ = 1, and 0 = m. Notice the 
long linear region for the three lowest energies. 

Q @=O. 15 
A @=0.3 

I 

c 
I , , I 1 1 1 1  I I , , , I  

N 
100 1 0 3  

Figure 4. Mean-square end-to-end distances ( R 2 )  us. N for chains 
on the simple cubic lattice for = m, 0.15, and 0.3. 

In the case of @ = + m ,  only the configurations with the 
maximum possible number of contacts are allowed, i .e . ,  
the most dense configurations. These configurations are 
found in Appendix D to have the external shape of a cube 
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+ @=0.5 

t 
I I I I I I l l  I I , I I t I I I  

l0,b 100 1 0 3  
N 

Figure 5 .  Mean-square end-to-end distances (R2) us. N for chains 
on the simple cubic lattice for @ = 0, @ = 0.273, Q, = 0.4, and @ 
= 0.5. 

for the simple cubic lattice. Its radius of gyration, com- 
puted in Appendix D, is given in Figure 3 and Table I. 

A number of curves on the Figures 2-7 are straight lines 
for sufficiently long chains, i .e.,  chains with large N .  
Straight lines were also found for curves a t  other values of 
9 not shown in the figures. We f i t  these lines using linear 
squares for the parameters A, B, y ~ ,  and ys in the fol- 
lowing equations, obtained from eq 5 and 6 

log (I?’) = log A + y R  log N (17) 
log (9) = log B + 7.5 log N (18) 

The results of this fit for chains on the simple cubic lat- 
tice are given in Table I, and for chains on the face-cen- 
tered cubic lattice are given in Table 11. Values of N from 
the lowest values for which eq 17 and 18 apply to the larg- 
est values for which the coefficients of variations of (R2) 
and (S2) are less than 5% were used in the fittings. The 
range of values of N used for each fitting is shown in the 
tables. 

To determine the lower limit of N for which eq 17 and 
18 hold, these equations and the deviations of the given 
values of log (R2) and log (S2) from the calculated values 
were examined. If the deviations seemed random with re- 
spect to N, the lowest value of N used was taken to be the 
lower limit of N .  However, if the deviations showed sys- 
tematic behavior, for example, if many consecutive devia- 
tions were all of the same sign, the range of values of N 
was assumed to exceed the range over which eq 17 and 18 
apply and the lower limit of N was increased. This process 
was repeated until the deviations between given and cal- 
culated values of (R2) and (S2)  appeared to be random. 

The values of y~ and ys computed from the straight 
lines of Figures 2-7 are presented in Tables I and 11. The 
values of Y R  and ys are seen to be very close for all values 
of 9 except for 9 = -=. Even for this case, - y H  and 7 s  do 
not differ significantly because the data for + = - m  are 

a @=O 
A @=0.12 t + @=Os 15 

I I I I I I I I I  I I I I I , ,  

N 
l1 b 100 103 

Figure 6. (S2) us. N for chains on the face-centered lattice for Q, 
= 0, Q, = 0.12, = 0.15, and @ = 0.2. 

103 

(R2) 
100 

O1 

Figure 7 .  (RZ) us. N for the chains on the face-centered lattice for 
Q, = 0 ,= 0.12, Q, = 0.15, and @ = 0.2. 

less accurate than for the other values of 9. To test the 
assumption that y R  = ys for a given value of 9, we first 
fitted the curves without assuming that Y R  equals ys, and 
then fitted the same curves assuming Y R  equals ys. The 
fitted parameters A and B showed no significant differ- 
ences in either of these two ways of fitting and equally 
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Table I 
Pitting of (RZ) and (Sz) for the Simple Cubic Lattice to the Equations 

log (R2) = logA + Y R  log N and log (S2) = log B + ys log iV 

Coef of 
aJ Range of N Y R  Y S  Y A B Var (YO) 

-03 

0 
0.1 
0.15 
0.24 
0.25 
0.26 
0.275 
0.29 
m 

40-160 
11-150 
19-500 
20-400 
20-300 
20-2000 
120-300 
120-2000 
140-300 

1.18 
1.197 
1.171 
1.161 
1.085 
1.074 
1.047 
1.0004 

50.981 

1.25 
1.196 
1.170 
I .  150 
1.082 
1.070 
1.050 
1.0006 

50.980 
0.667 

1.22 
1.196 
1,170 
1.155 
1.084 
1.072 
1.049 
1.0005 

50.980 

1.52 
1.078 
1.08 
1.08 
1.266 
1.296 
1.42 
1.69 
1.81 

Table I1 
Fitting of (R2) and (S2) for the Face-Centered Cubic Lattice to the Equations 

log (R2) = logA + Y R  In N and log (S2) = log B + ys log N 

0.237 
0.170 
0.173 
0.175 
0.2086 
0.2146 
0.236 
0.282 
0.306 
0.25 

2.0 
0.6 
0.5 
1.3 
0.3 
0.6 
0.2 
0.9 
0.1 

Range of N Y R  Y s Y A B 
Coef of 
Var (70) 

0 
0.05 
0.1 
0.11 
0.12 
0.1225 
0.125 
0.1275 
0.130 

19-200 
20-550 
50-1000 
45-225 
100- 1000 
100-1000 
100-1000 
100-1000 
135-1000 

1.192 
1.153 
1.098 
1.073 
1.023 
1.015 

50.996 
50.977 
50.938 

1.186 
1.154 
1.102 
1.075 
1.027 
1.016 

50.994 
50.978 
50.944 

good fits were obtained in both cases. Thus we feel that 
wherever the power law described in eq 5 and 6 (or eq 17 
and 18) hold, (S2) is proportional to ( R 2 ) .  

For larger values of @, (R2) and (SZ), could not be fitted 
by eq 17 and 18, i.e., the curves in Figures 3 and 6 did not 
have a linear range in the range of computed values. This 
seemed to occur for @ larger than the values for which y 
= 1, the “so-called” 8 point for both lattices. Thus, the 
fits for @ = 0.29 in Table I and for @ = 0.125-0.130 in 
Table I1 may be in error because the values of N used may 
be below the region in which eq 17 and 18 apply. If this is 
true, the fitted values of y~ and ys would appear to be too 
large, so the fitted values are upper bounds to the true 
values. 

For these large values of @ ( i e . ,  lower temperatures), 
not only are eq 17 and 18 not obeyed, but also the propor- 
tionality of (R2) to ( S z )  is lost. This is illustrated in Figure 
8 that shows ( R 2 ) / ( S 2 )  us. N on a logarithmic scale for the 
simple cubic lattice for @ = 0, 0.25, and 0.5. The curves 
for @ = 0 and 0.25 give constant values for (R2) / (S2 ) ,  
while the curves for @ = 0.5, which is greater than the 8 
point, do not approach a constant value. In fact, no sim- 
ple relationship for either (R2) or (S2) above the 8 point 
has been found. 

The ratio of the constants of proportionality, A / B ,  for 
both lattices is plotted us. @ in Figure 9, The deviation of 
A / B  from 6, the value of ( R 2 ) / ( S 2 )  for the random coil, is 
small but beyond experimental error. 

Reduced Moments of Distributions in R2 and S2. The 
distribution of R2 has been discussed before5 for noninter- 
secting chains with values of @ between 0 and aC. This 
distribution is of special interest since it is used in esti- 
mating light-scattering data.10 In fact, a good deal of the 
previous Monte Carlo work has been directed in obtaining 

(10) D. McIntyre, J. Mazur, and A. M. Wims, J Chem Phys,  49, 288’7 
(1968). 
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1.19 
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1.1 
0.1 
0.7 
1.01 
0.6 
0.98 
0.94 

an approximate expression for this distribution by esti- 
mating m0ment s~9~ l  of R 2 .  We shall present here the mo- 
ments obtained from our calculations for both R2 and S2. 

The average values of the moments of R2 and S2 are de- 
fined as 

and 

where the averages of the chains are taken by eq 11. We 
report here the reduced moments 

(RP) = ((R?)P ?)) (19) 

(SP) = ((S2)P ?) (20) 

and 

6 , ( p , ~ )  = ( R P )  / (Rs)p’a 

In Figures 10-15 we present 6 ~ ( 4 , 2 ) ,  6 ~ ( 4 , 2 ) ,  6 ~ ( 6 . 2 ) ,  
6~(6 ,2) ,  6 ~ ( 1 , 2 ) ,  and 6 ~ ( 1 , 2 )  us. N on a reciprocal scale for 
@ = - m ,  0.15 and 0.275 in the simple cubic lattice. These 
reduced moments are extrapolated to N = m. Despite the 
uncertainties of the extrapolation, all of the infinite-chain 
reduced moments are seen to be nearly constant for values 
of @ from - m  to 0.15, but to change appreciably as @ 
varies from 0.15 to  0.275. The value of 8R(4,2) and 63(6,2) 
presented by Floryl2 for random coils as a function of 
chain length N are shown by dashed lines in Figures 10 
and 12. The reduced moments for the random coil are 
seen to reach their limiting value with increasing chain 
length N much more rapidly than the moments for chains 
with excluded volume. 

Only the infinite chain values of the reduced moments 
shown in Figures 11, 13, 14, and 15 for the random coil are 
easily available; these values are indicated by dashed 
lines in the figures. The infinite-chain random-coil values 

(11) S. D. Stellrnan and P. J. Gans, ILTPACInt. Symp. Macromol., Helsin- 

(12)  E. Loftus and P. J. Gans, J. Chem. Phys., 49,3828 (1968). 
ki. Finland, Prepr. 3, 313. 
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Figure 8. The ratio ( R 2 ) / ( S 2 )  us. N for three energies on the sim- 
ple cubic lattice. Notice that  for Q, < Q,c (Q,c = 0.267), ( R 2 ) / ( S 2 )  is 
independent of N for large enough N while for Q, = 0.5, the ratio 
is strongly N dependent. 

of 6~(4 ,2 )  and 6~(6,2)  were determined by Fixman,13 
6R(1,2) is given by Flory,l* and we obtained 6 ~ ( 1 , 2 )  by an 
independent Monte Carlo calculation. 

As 9 increases from 0 toward 9, all the infinite-chain 
reduced moments for chains with excluded volume ap- 
proach the corresponding values for the random coil. The 
value of @ for which the extrapolated reduced moments of 
both R2 and 5'2 equal the random-coil values seems to be 
slightly larger than 0.275 for the simple cubic lattice. 

Partition Function. The partition function for the 
chain, as defined by eq 9, increases with chain length N, 
while the partition function per segment, fps, given by the 
Nth root of the partition function for the chain, is found 
to rapidly approach a limiting value with increasing chain 
length. In Figure 16 the limiting partition function per 
segment is shown us. a 9  for both lattices. The total parti- 
tion function for a random coil of N segments is ( a  + 
l)a"-l, where a + 1 is the coordination number of the lat- 
tice. Because we have normalized all our partition func- 
tions by dividing them by ( a  + 1)rV-1 (see eq 8 and la ) ,  
the partition function for the random coil, and therefore 
also the partition function per segment for the random 
coil, is 1. The limiting partition function per segment is 
seen to equal the random-coil value for 9 = 0.242 for the 
simple cubic lattice and for 9 = 0.106 for the face-cen- 
tered cubic lattice. 

Other thermodynamic functions of the chains have been 
computed and will he reported in a later paper. Only the 
partition function per segment is reported here. 

Discussion 
8 Point. The so-called 8 points is viewed by most poly- 

mep chemists as the condition of temperature and solvent 

(13) S. D. Stellman and P. J. Gans, Macromolecules, 5,516 (197'2). 
(14) See ref 5, p 314. 
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Figure 9. The ratio A / B  iis. Q, for chains on the simple cubic and 
face-centered cubic lattices. 
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Figure 10. The fourth reduced moment of RZ, 6~ (4 ,2) ,  1's. N on a 
reciprocal scale for various values of Q, for chains on the simple 
cubic lattices. The dashed line is the value of the reduced moment 
for the random-coil chain. 

a t  which the attractive energies between segments of a 
dissolved polymer compensate for the excluded volume 
effect so that the polymer behaves as if it were a random 
chain without the excluded volume effect and without at-  
tractive energies. In this paper the random chain without 
the excluded volume effect and without attractive ener- 
gies is referred to as a random coil. Traditionally, the 
theta point has two definitions which are not necessarily 
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random-coil chain. 

4 .O 

3 . 8  

3 . 6  

3 . 4  

3.2 
”! 
(0 
v 

.O” 3.0 

2 . 8  

2 . 6  

2 . 4  

2 . 2  

0 Q=-m Random 
Q Q=O Coil 
+ Q=.275 

I . A . 
P I o  > 

Figure 12. The sixth reduced moment of R2, 6 ~ ( 6 , 2 ) ,  us. N on a 
reciprocal scale for various values of @ for chains on the simple 
cubic lattice. The dashed line is the value of the reduced moment 
for the random-coil chain. , 

consistent (but which are the same in Flory’s theory):s (1) 
the point a t  which an isolated polymer molecule behaves 
as a random coil and ( 2 )  the point a t  which the second 
virial coefficient of the polymer solution vanishes. The 
first definition deals with a single molecule and will be 
discussed here with regard to the present Monte Carlo 
calculations, while the second definition is in terms of so- 
lution properties involving interactions between ,molecules 
so it cannot be coped with here. 

From the present calculations, the mean-square end- 
to-end distance (RZ) and the mean-square radius of gyra- 
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Figure 13. The sixth reduced moment of S z ,  6 ~ ( 6 , 2 )  us. N on a re- 
ciprocal scale for various values of 9 for chains on the simple 
cubic lattice. The dashed line is the value of the reduced 
moment for the random-coil chain. 
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Figure 14. The first reduced moment of R2, 6 ~ , ( 1 , 2 )  us. N on a re- 
ciprocal scale for various values of @ for chains on the simple 
cubic lattice. The dashed line is the value of the reduced moment 
for the random-coil chain. 

tion (S*) were computed. Moments of R2 and S2 and the 
partition function of the chains were also computed. In 
what follows these parameters for various values of @ (at- 
tractive energy between segments) and their variation 
with chain length will be compared with the correspond- 
ing parameters of a random coil. If they were all equal to 
those of the random coil for a single critical value of @, 
then the existence of a unique 8 point, @,., by the first 
definition would be justified. However, as we shall see, 
slightly different values of 9, are required for various pa- 
rameters of our model of self-interacting chains and ran- 
dom coils to agree, so that the theta point can be defined 
as a range in values of @. 
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Figure 16. The limit for infinite chains o f f  the partition function 
per segment us. u@ for the simple cubic and face-centered cubic 
lattices. 

According to eq 5 and 6, ( R 2 )  and (S2) vary as NY for the 
chains with excluded volume, where y is a function of @. 
From Tables I and 11, y is seen to have its random-coil 
value of one a t  aC = 0.275 for the simple cubic lattice and 
a t  QC = 0.124 for the face-centered cubic lattice. 

In order that  (RZ) and (S2) assume their random-coil 
values the coefficients A and B in eq 5 and 6 must also 
agree with their values in eq 1-4 for the random coil. By 
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Table I11 
Values of for Which Various Parameters of Chains with 

Excluded Volume and Attractive Energies Have Their 
Random Coil Values, i . e . ,  0 Values of @ 

0 Value of @ for 

Face- 
Simple Centered Parameter 
Cubic Cubic for 

Parameter Lattice Lattice Random Coil 

Partition function 
per segment 0.242 0.106 1 

0.267 0.117 6 
1 

A l B  
Y 0.275 0.124 
Reduced moments >0.275 See Table IV 

interpolation of Table I, the coefficients A and B for the 
simple cubic lattice A are both found to assume their ran- 
dom-coil values of 1.5 and 0.25, respectively, at aC = 
0.267. Likewise, from Table I1 for the face-centered cubic 
lattice, A and B are both found to assume their random- 
chain values a t  @c = 0.117. 

The values of A and B are of course dependent on the 
lattice. However, their ratio A / B  = (RZ)/(S2)  = 6 for ran- 
dom coils in all regular lattices. We conjecture that the 
ratio A / B  will show a similar independence of the lattice 
for our chain model. To test this conjecture, in Figure 9, 
A / B  is plotted us. @ for both lattices. The ratio is seen to 
vary only slightly with @ and to have the random-coil 
value of 6 for @ = 0.267 and 0.117 for the simple cubic 
and face-centered cubic lattices, respectively. Thus ratio 
A / B  have a different so called theta point than the expo- 
nent y. 

Another criterion of the 0 point is that the distribution, 
and therefore the reduced moments, of RZ and S2 should 
be the same a t  the 0 point as for the random coil. For the 
simple cubic lattice, the reduced moments extrapolated to 
infinite chain lengths have been seen to have their ran- 
dom-coil values for values of GC slightly larger than 0.275. 

Another criterion of the 0 point is that the partition 
function per segment in the limit of an infinite chain is 
equal to 1, the value for the random coil. In the section on 
Partition Function this was seen to occur a t  eC = 0.242 and 
aC = 0.106 for the simple cubic and face-centered cubic 
lattices, respectively, so that the partition function gives a 
theta point a t  a lower value of ec than for the other proper- 
ties. These 0 values are summarized in Table 111. 

Thus no unique value of @ exists at which the chains 
with excluded volume and attractive energies behave as a 
random coil with respect to the observed dimensional 
properties. Instead, these quantities assume their random- 
coil values within a rather narrow range @. Therefore, a 
single 0 point is not obtained for all properties of the 
chains. 

Master Curves. By Tables I and 11, y is seen to equal 
1.2 a t  @ = 0 for both lattices, but to decrease with @ more 
rapidly for the face-centered than for the simple cubic lat- 
tice. This is due to the large coordination number of the 
face-centered cubic lattice that allows each segment to 
form more contacts. 

Our results show that a smaller energy per contact, - t ,  

and therefore a smaller value of @ is required for the face- 
centered cubic lattice to produce the same effect on the 
dimensions of the chains than for the simple cubic lattice. 
This suggests plotting y, which depends on the dimen- 
sions of the chains, us. some function of the coordinate 
number of the lattice and of @ to obtain a master curve 
for y that would apply to chains on all lattices. The cho- 
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sen function was &, where (T is the number of possible 
choices for a step on the lattice and is one less than the 
coordination number of the lattice. Thus, 0 = 11 and 5 for 
the face-centered and simple cubic lattices, respectively. 
Figure 17 shows values of y for these two lattices and also 
for the body-centered cubic lattices for which u = 7, plot- 
ted us. u@. The values of y for all three lattices are seen 
to lie close to a single master curve. Further calculations 
on other lattices are required to determine whether the 
master curve of Figure 17 applies to all lattices and, hope- 
fully, to real polymer molecules. 

Precipitation Phenomenon. As one increases the at- 
tractive energy between segments, one might expect the 
chain to finally collapse upon itself. This phenomenon 
might be viewed as a single-chain precipitation. We have 
studied this phenomenon with special interest to see (1) if 
the precipitation occurs over a narrow temperature range 
as a phase phenomenon and (2) if there is a sharp precipi- 
tation, how does it relate to the 0 point. 

Figure 18 shows a plot of ( S 2 ) / N ,  the radius of gyration 
squared per chain segment for various chain lengths, as a 
function of @ for the simple cubic lattice. We have used 
the radius of gyration since it is a direct measure of the 
size of the polymer. As one goes from small N to larger N 
there is an increasing steepness in the (S2) /N us.  @ plot. 
For N = 1000 the steepness of the descent is impressive 
suggesting that for long enough chains there is truly a 
discontinuity in the radius of gyration corresponding to a 
precipitation point of the chain. 

Inspection of Figure 18 suggests that the precipitation 
point is very near the theta region. Clearly we need more 
data as a function of energy around the region. In a 
later paper we shall present more data relating to this 
point. Suffice it to say here, the data are suggestive but 
not conclusive proof of single-chain precipitation. 

Correspondence between Chains on a Lattice and 
Polymers in Solution. Certain properties of long chains 
on lattices have been found to be independent of the lat- 
tice. We propose that these properties will also apply to 
chains that are not constrained to a lattice, including real 
polymers in solution. 

Monte Carlo calculations of chains that are not con- 
strained to a lattice have been performed by Loftus and 
Gans,l5 Stellman and Gans,16 and Warvari, Kraell, and 
S ~ o t t . ~  These chains are not allowed to intersect them- 
selves but do not have attractive energies between seg- 
ments, so @ = 0 for their chains. 

Stellman and Gans conclude that ( R 2 )  and (S2) ( G 2  in 
their notation) satisfy eq 17 and 18 but that yR is not 
equal to ys, while for chains on a lattice we found that Y R  
= ys for a value of @ which is smaller than @ c .  We have 
analyzed their data for N = 30-298 given in Table I in ref 
16 by fitting their data assuming first that Y R  is different 
t,han 7.7 and then assuming that y~ = ys. Fitting ( R 2 )  to 
eq 17 gave a coefficient of variation of 3.34% and fitting 
( S 2 )  to eq 18 gave a coefficient of variation of 3.46%. When 
( R 2 )  and (S2) were fitted with the condition that y~ = ys 
= y, a coefficient of variation of 3.42% with a y of 1.23 
was obtained. Therefore, we believe that their data are 
consistent with Y R  being equal to ys. We have similarly 
analyzed some of the data given by Loftus and Gans with 
similar conclusions. 

Stellman and Gans also performed a linear regression of 
log ( ( S 2 ) / ( R 2 ) )  with log (A‘) (Figure IV of ref 12) and found 
a significant correlation between these quantities.16 How- 
ever, the linear regression assumes equal accuracy of all 

(15) M. Fixman, J. Chem. Phys., 36,306 (1962). 
(16) P. J. Flory, “Principles of Polymer Chemistry,” Cornell University 

Press, Ithaca, N. Y., 1953, p 408. 
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Figure 18. Radius of gyration squared per chain segment us. a. 
The increasing slope of the curves for increasing chain length, N ,  
indicates precipitation of the chain. 

values of log ( (SZ) / (R2)) ,  while these values are much less 
accurate for their longest calculated chain of N = 298, as 
can be seen from their Table I. Because the correlation 
depends mainly on the value of N = 298, we do not con- 
sider their test to be conclusive. 

Warvari, Kraell, and Scott4 find Y R  equal to ys ( b  and 
b‘ in their notation) within the statistical reliability of 
their data. 

Grishman17 recently generated off-lattice chains of up 
to 500 steps. He found that Y R  was very close to 1.2, in 
agreement with on-lattice chains for 9 = 0, but that a 
larger value of y R  was calculated for shorter chains. That 
is, very long chains are required to determine the limiting 
value of Y R .  This behavior is similar to that found in 
Table I and I1 for on-lattice chains with large @. 

In conclusion, we believe the equality or nonequality of 
y R  and ys for chains not confined to a lattice has not as 
yet been determined. 

Distribution of R2 and S2. In an earlier paper5 the re- 
duced moments of R2 were used to fit R2 to a two-param- 
eter distribution function for values of @ 5 These re- 
sults were duplicated by the data of this paper so will not 
be repeated here. 

(17) W. W. Mullins in “Metal Surfaces: Structure, Energetics and Kinet- 
ics, ”American Society for Metals, Metals Park, Ohio, 1963. 
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Similarly we have looked a t  the reduced moments of S2 
with an eye to obtaining a distribution function for S2. 
Thus far we have been unable to find a distribution func- 
tion of a simple form over the range of energies for which 
S2 was computed. We therefore have abandoned any effort 
to obtain a distribution function for S2, but we use these 
moments to give some qualitative idea about the distribu- 
tion. In Table IV we give the estimated values of the re- 
duced moments for infinite chain length for the simple 
cubic lattice. 

The distribution of RZ and S2 may be characterized by 
the reduced second moment around the mean, p2, which 
measures the breath of the distribution relative to (R2) or 
(S2) and the reduced third moment around the mean, p3, 

which measures the skewness. p 2  and p3 are given as 

where i = R or S. Values of p 3 H  and p35 are given in Table 
IV. The values of p 2 ~  and p 2 , ~  may be found by subtract- 
ing 1 from corresponding values of 6(4,2).  For comparison, 
the reduced moments for the random coil are also given. 

The breadths of both of the distributions, p 2 ~  and ~ Z S ?  

are seen to be less than the random-coil values for small 
attractive energies, and to increase with a until it reaches 
the random-coil values a t  the 8 point (a  = 0.28). How- 
ever the skewness p3 for the distribution of both (S2) and 
( R 2 )  are nearly 0 within the accuracy of the data for all 
energies below a = 0,275. The skewness of t,he distribu- 
tion of the random coil is of the same order of magnitude. 
Thus the skewness is small for all energies up t o  and in- 
cluding the 0 region. 

Summary 
Properties of polymer chains in solution at the limit of 

infinite dilution on two lattice models were computed by 
Monte-Carlo calculations by the R&R method. By weight- 
ing the chains by Boltzmann's factors, ( R 2 )  and (S2) were 
calculated for attractive energies between the chain seg- 
ments, thus simulating the effects of solvent and tempera- 
ture. 

The computer time required to perform these calcula- 
tions was reduced by use of an efficient method given in 
Appendix A of computing the radius of gyration (S2)  of 
the chains. 

The precision of the parameters calculated for chains 
generated by the R&R method is best near the 0 point. In 
fact, precise values were obtained near the 8 point for 
chains of 2000 segments. The bias of the parameters cal- 
culated by the R&R method was discussed in Appendix B 
and found to be negligible for the reported parameters. 

A wide range of attractive energies was used. Chains for 
infinite replusive energies, i.e., chains that were not al- 
lowed to form contacts, were generated. Chains on the 
simple cubic lattice with infinite attractive energy are 
considered in Appendix D. The chains are shown to be in 
the shape of cubes so that their radii of gyration could be 
calculated. Thus, the complete range of interaction ener- 
gies between segments from infinite repulsive to infinite 
attractive energies was covered. 

The values of (R2) and (S2) were found to be very inac- 
curate for chains with large attractive energies, i.e., large 
values of a. In order to obtain accurate results, two meth- 
ods of importance sampling were developed by which ac- 
curate results were obtained for values of up to 1 at 
chain lengths up to 100 segments. From the variation of 

Table IV 
Extrapolated Values of Reduced ,Moments for R2 and S2 

(Eq 21 and 22) for the  Simple Cubic L a t t i c e  

@ = -  m @ = 0  @ = 0.15 = 0.275 

0.94 
0.97 
1.50 
1.18 
2.9 
0.4 f 0.3 
1.69 
0.2 f 0.3 

0.94 
0.98 
1.50 
1.19 
3.0 
0.5 f 0.3 
1.69 
0.1 f 0.3 

~ 

0.94 
0.98 
1.52 
1.20 
3.1 
0.5 f 0.3 
1.70 
0.1 f 0.3 

0.93 
0.98 
1.64 
1.26 
3.7 
0.8 f 0.4 
1.87 
0.1 rt 0.3 

Ran- 
dom 
Coil 

0.921 
0.971 
1.666 
1.266 
3.88 
0.88 
2.0008 
0.19 

__ 

Values of the third reduced moment around the mean for ( R 2 ) ,  
( p 3 ~ ) ,  and (S2), ( ~ 3 ~ ) .  (eq 23 and 24) are also given. Values of the 
second reduced moment around the mean may be obtained by 
subtracting one from 6 ~ ( 4 , 2 )  or 6<(4,2). respectively. 

the radius of gyration with a, evidence for precipitation of 
a chain a t  a value of 

The values of ( R 2 )  and is2) for large N were found to  fit 
eq 5-7. We interpreted these values of ( R 2 )  and (S2) to ob- 
tain a better understanding of the nature of the 0 point, 
the condition of solvent and temperature corresponding to 
a value of a for which the chain behaves as a random coil. 
The values of a t  the 0 points for various parameters of 
the chains are given in Table IV. The 8 point is seen to be 
different for different parameters, so that we concluded 
unique value of 

A master curve for y was constructed. By plotting y cs. 
u@, where u + 1 is the coordination number of the lattice, 
a single curve representing three lattices was obtained. 
This master curve thus appears to  be independent of the 
lattice and hopefully will also apply to real polymers in 
solution. 

Appendix A 
Calculation of Radius of Gyration. A method for effi- 

cient calculation of the radius of gyration was developed. 
The squared radius of gyration for a walk of Nsteps is 

near the 0 region was found. 

for the 8 point does not exist. 

where xk, Y k ,  and z k  are the coordinates after the i7th step 
of the walk and 1, y, and 2 are the averages of the coordi- 
nates over the walk, given by 

z 
(N+l)T = xi; 

( N + l ) j j  = yi. 

( N + l ) z  = zi. 

k = O  

\ 

k =n 
and 

\ 

I =( 

Equation A1  may be written as 
.Y 

(N+1)S,y2 = ROfi'-(N+l)(X"+?iL+Z~) ( A 3 )  
k = O  

where 
R(1.i;'' = x,~'  + yh'l + zq'' (A41 

is the square of the distance from the beginning of the 
walk to the end of the kth step. 

by eq A4 for each step of the chain 
required considerable time on the computer. Therefore, a 
more efficient method of calculating R o , k 2  was developed 
as follows. 

Calculation of 
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By changing subscripts and expanding, eq A4 gives 

Ro , + I ? -  Ro 1' = ~ ( x ~ A x ,  +y,Ay, + 
i ,A i , )  + ( A x , ) *  + (Ay,)' + (A5) 

where 
Ax,  = x j + ,  - X I ,  etc. (A6) 

For a step on a simple cubic lattice, two of the quan- 
tities A x l ,  hy,, and h z J  are 0 and the other one is +1 or 
-1, so that eq A5 becomes 

Ro ] + I '  - Ro = ~ ( x ~ A x ,  +y,Ayj + Az, A z j )  + 1 (A7) 

Summing from j = 0 to] = k - 1 gives 

k - 1  
Ro k' = 2 (XIAX, +yjAyj  + zIAz,) + k (A8) 

/=n 

The summation is easily performed during generation of 
the walk, especially since only one term in the summation 
is non-zero for each step. The summations in eq A2 are 
also performed during generation of the walk. Then S,v2 is 
computed by eq A2, A3, and A8 after the walk is com- 
pleted. The method was easily modified to apply to the 
face-centered cubic lattice. 

Appendix BZs 

Estimation of Bias. Let T be the number of possible 
configurations of chains of a given length. Then the parti- 
tion function, f, of the chains is defined as 

T 

f = exp(P,@.) (B1) 

where P, is the number of contacts (two unbonded seg- 
ments separated by one lattice distance) in the ith config- 
uration, @ = - t / k &  t is the energy of a contact, k H  is the 
Boltzmann constant, and t is the temperature. The mean 
value of a property I: of the chains is defined as 

,=1 

T 
(c) = 2 L', exP(Plw]  / f (B2) 

Because eq B1 and B2 involve summations over all pos- 
sible configurations of the chains, their use to calculate f 
and ( L ) )  is not practical. Therefore f and ( u )  are estimated 
from a sample of configuration of the chains. In this ap- 
pendix, values estimated by eq 9 and 11 are called f and 
( 5 )  to distinguish them from the true unknown values 
given by eq B1 and B2. 

In ref 9, the estimated partition function f is shown to 
be unbiased and the bias of the estimate of a property of 
the chains, the expected value of the estimate minus the 
true value, is given as 

c r=l 

The bias B ,  varies inversely with m, the number of con- 
figurations used to estimate ( 5 ) .  In eq B3 the weighting 
factors w, are given by eq 8 rather than eq 12. 

Because the summation in eq B3 is over all possible 
configurations of the chain, it cannot be directly calculat- 
ed. In this appendix, a practical method of estimating the 
bias B ,  from the calculations of this paper is given. 

To illustrate this method, Monte Carlo data that are 
expected to have a large bias, B,, were obtained. Twenty 
Monte Carlo runs were made of chains on the simple 

(18) In this Appendix we have used T to be the number of configurations and 
t to be the temperature to  be consistent with the notation in ref 9. 
Otherwise the notation is consistent with the rest ofthe paper. 

cubic lattice with = 0.5. In each run, 500 chains of 100 
segments each were generated and the mean values of the- 
squared radius of gyration (& us. the partition function f 
for each run are shown by the squares on Figure 19. For 
this large value of %, the values of S2 for individual chains 
deviate greatly from the mean value of S2 so, by eq B1, 
the bias term is expected to be large. Despite the large 
scatter of the data, these quantities are seen to be corre- 
lated; large values of {correspond to small values of (s2). 
This relationship for any parameter u is measured by the 
covariance given as 

covar((6)T) = p-l [ C(O),?, - p (Z(O),)(Z?d] (B4)  

for p runs. The covariance of (sz) and. f for the data for 
Figure 19 is -1.18 x lo5. We now relate the covariance to 
the bias B,. 

The covariance of ( 5 )  and f may also be expressed in 
terms of the bias B,. By definition 

covar ((6) 7) = E ( ( D ) ~ )  -E( (G) )E(? )  

l P  1 
,E1 

(B5) 
now 

so that  

E((6)f3 = E ( U k W k )  = f ( U )  037) 

by eq 9 and 12 of ref 9. Also, by ref 9, 

E ( f )  = f (B8) 

B ,  = covar((C)f)/f (B9) 

Substituting eq B3, B7, and B8 in eq B5 gives 

Using the mean value of ffor f ,  the bias is calculated by 
eq B4 and B9 to be -0.71 for samples of 500 configura- 
tions from the data of Figure 19. This bias is seen to be 
small compared to the scatter of the data even for these 
conditions that give a large bias. 

Similar data were also obtained using importance sam- 
pling. Twenty Monte Carlo runs of 500 chains of 100 seg- 
ments each were made on the simple cubic lattice for @ = 
0.5 in which steps in the direction toward the origin were 
taken with twice the probability of steps away from the 
origin, i . e . ,  method A (importance sampling) of the text. 
The averages for the 20 individual runs are plotted as cir- 
cles in Figure 19. With importance sampling, the values 
of (s2) and ( f )  seem to have little if any correlation. Thus 
the covariance and the bias by eq B4 and B9 are small. 
Importance sampling has been shown in the text to in- 
crease the precision of the estimate of the parameters. In 
this case, importance sampling is seen to also reduce their 
bias. 

Appendix C 
Dependence of Precision of Estimates on @. The coef- 

ficient of variation of ( R 2 )  is seen by Figure 1 to have a 
minimum for the simple cubic lattice for @ about 0.25, 
which is about the value of @ for which the partition func- 
tion per segment has the value of one. The standard de- 
viation of other calculated parameters of the walks using 
the R&R method have been found to have a minimum at 
about the same value of @. In this appendix we give a 
heuristic explanation of this minimum. 

The estimate of the average value of any parameter u ,  is 
given by eq 11. For long chains, the factor L(jk exp(P&) 
may vary by many orders of magnitude among chains 
while the value of the parameter, u k ,  varies considerably 
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Figure 19. (S2) us. the partition function per segment (f, for 20 
runs of 500 configurations each on the simple cubic lattice with + 
= 0.5. The lines have been fitted by the least-squares method. 

less among chains. Then, both the numerator and denom- 
inator of eq 11 depend on only those chains with large 
values of wk exp(Pkip). Thus, only a small fraction of cal- 
culated chains contribute substantially to the average ( u ) ,  
in some cases only 1/1000, and an inaccurate average is 
therefore obtained. By this reasoning, the standard devia- 
tion of the estimates given by eq 11 should be small when 
the distribution of total weights wk exp(Pkip) is narrowest. 
We now determine the value of ip for which this is true. 

For a chain generated using R&R method the total 
weight for the chain by eq 10 and 12 is 

Now the above equation may be rewritten in terms of the 
numbers of contacts at each site; for the simple cubic lat- 
tice ( u  = 5 )  we have 

fi ["" 5 expi c,m] = 
,=1 

where n,k is the number of sites in the kth chain with j 
nearest-neighbor contacts. Thus 

4 

nJh  = iC3) 
J = O  

There are two simple cases in which wk exp(Pkip) would 
be nearly constant from chain to chain: (1) the distribu- 
tion of n,k does not vary from chain to chain; (2) the 
terms [(5 - j) /5] exp(j@) are nearly equal. It is the latter 
case that holds for about ip = 0.25 as is illustrated in 
Table V. Most sites have 0, 1, or 2 contacts. For ip = 0.25, 
the terms [ ( 5  - j ) / 5 ]  exp(j@) are nearly equal to 1 for j  = 0, 

Table V 
Product of Weighting Factor and Boltzmann Factor, 

[(5 - j ) / j ]  exp(j+), for a Site of a Chain in a Simple Cubic Lattice 
withj Contacts 

.i 0 0.2 0.25 0.3 0.5 

0 1.0 1.00 1.00 1.00 1.00 
1 0.8 0.98 1.03 1.08 1.32 
2 0.6 0.90 0.99 1.09 1.63 
3 0.4 0.73 0.85 0.98 1.79 
4 0.2 0.45 0.54 0.66 1.48 

1, and 2 so the total weighting factor of all the chains will 
be near 1. Therefore, all chains will contribute to averages 
of the parameters and precise averages will be obtained. 
Similar results were obtained for the face-centered cubic 
lattice for a 9 of about 0.12, using the R&R method to 
generate chains. For these values of ip ,  the partition func- 
tion, eq 8, will be near unity for nearly all the chains. 

Appendix D 
Radius of Gyration of Chains with Inilnite Attractive 

Energy. For infinite attractive energy between segments, 
a chain will assume a configuration with the largest possi- 
ble number of contacts between segments. On a simple- 
cubic lattice every segment, except the end segment, can 
participate in a maximum of four contacts. A chain with 
infinite attractive energies will assume a compact configu- 
ration with no voids in the configuration so that every seg- 
ment not on the surface of the configuration will partici- 
pate in the maximum of four contacts. On the other hand, 
segments on the surface will participate in less than four 
contacts. We will refer to these as missing contacts. The 
compact chain will thus assume the shape that minimizes 
the missing contacts of the surface segments. 

Determining the shape of a chain of fixed length on a 
simple-cubic lattice is equivalent to determining the 
shape of a crystal of a fixed volume on a cubic lattice. A 
shape of the crystal that minimizes the surface tension 
(missing surface atomic bonds) will be the shape of the 
polymer chain that minimizes missing contacts. The 
shape of the crystal, and therefore also of the chain, has 
been shownl9 to be a cube with its edges along the coordi- 
nates axes. The radius of gyration for a chain in the shape 
of a cube was evaluated as 

where N is the number of segments in the chain so that N 
+ 1 is the number of beads connected by the segments. 
Formula D1 only applies when the chain can form a com- 
plete cube, i .e.,  N + 1 is the cube of an integer. The curve 
for ip = m on Figure 3 was calculated by formula D1 for N 
+ 1 = 33, 43, 53, etc. For values of N + 1 that are not a 
cube of an integer, the chain cannot form a complete cube 
so that the value of (S2) and ip = m will be only approxi- 
mately given by eq D1. 

(19) R. t ir ishman, J Chem Ph\s 38, 220 (1973) 


